Eliminate octupole terms.
It turns out that the theorem of corresponding motions, mentioned in Ref. 1 , is true only if we rest ric t the equations of motion to linear and sextupole terms. It is not necessary to work in a regime where the theorem holds, but it has two big advantages. It allows an easy check (see if the theorem holds) on whether there are important terms we are not keeping in the analysis. It also means we can survey the entire neighborhood of the resonance intersection by surveying a semicircle around the intersection. I will assume that we choose the intersection Vx = 7 1/6, Vz = 7 1/3 as suggested in Ref. 1 , and that we maintain the validity of the theorem of corresponding motions.
Only the two third-integral resonances 3 Vz = 22 and 2 Vx -Vz = 7 may then enter the equations. We do not want any octupole terms. Since the frequency vs amplitude terms are DC terms of octupole order, we must adjust the main sextupoles to reduce the frequency shift vs amplitude so that frequency shifts are negligible out to the dynamic aperture, or at least so that they are dominated by the effects of the resonance terms.
Character of the Motion.
In Fig. i, I show the relevant portion of the tune diagram, i.e., near the resonance intersection. The origin is taken at the intersection, with Ex and Ez have the same sign, the motion is stable at small amplitudes. In the other quadrant (a,e), where Ex and Ez have opposite signs, the constant of the motion turns out to be indefinite even at infinitesimal amplitudes, so we can say nothing definite about the stability.
We expect that near the resonance 3 Vz = 22, there will be a threshold ins tabili ty amplitude zs' depending on E z' above which the z-mot ion will be unstable. Whether this is true throughout the regions d and e, and what role the x-motion plays, is to be determined by tracking.
In regions band c, we expect the difference resonance will have a threshold z-amplitude Zt above which small amplitude x-motion is unstable and exchanges energy with the z-motion. The constant of the motion will also give us an amplitude za above which the amplitudes are energetically allowed to grow indefinitely. If Zt ) za' then if the experience described in Ref. 2 is a guide, if we start with a very small x-amplitude, and let the z-amplitude increase, we expect the motion to remain stable until Z Zt' beyond which the x-motion will grow because of the coupling resonance, and then become unstable because we are above the stability limit. If Zt ( za' as it certainly will be very near the difference resonance, then for z ) Zt' there will be x-z coupling, but the amplitudes cannot grow large until z ) za. The experience described in Ref. 2 suggests that just above za' there will be a very narrow pass in phase space leading into the large amplitude region, so that the motion may appear to be stable for many revolutions before suddenly growing to a large amplitude. This is the place where tracking methods may fail; the failure can be recognized by the fact that the apparent dynamic aperture becomes an erratic function of the initial conditions. As zincreases above za' the pass opens up, and the number of turns to become unstable decreases rapidly, so that tracking a few turns discloses the instability.
In region a, instability may energetically occur at very small amplitudes, but the experience of Ref. 2 suggests that it probably does not, in fact, occur until the threshold Zt for the difference resonance is exceeded. These speculations need to be confirmed by tracking studies.
3. Analysis of the motion.
In the neighborhood of the resonance intersection, we can write a
Hamiltonian which contains the relevant terms. It is convenient to write it in terms of the angle-action variables for the linear motion:
xx zz z z x z x z + L CJ 2 + DJ J + L EJ 2 + FJ J sin(2Y + 2y -296).
x xz z xz z x (3.1)
The independent variable here is 6 = 2TIs/C, where C is the circumference of the reference orbit. The argument of each sine should contain a constant phase, but they are omitted here, as they are irrelevant for our considerations. For each degree of freedom, we may also introduce a rectangular coordinate and momentum via the equations
Since the transformation (3.2) is canonical, the Hamiltonian (3.1) may also be written in terms of the canonical variables Qx' P x' Qz' P z. Note that Q, P can be regarded as rectangular coordinates, and (2J)1/2, y as polar coordinates in the phase space for each degree of freedom. I have included also tune-shifting terms and the octupole term which drives the fourth-order resonance through the intersection. These terms will be dropped later. We will use the Hamiltonian (3.1) to study the character of the motion. In order to relate the thresholds we derive to actual experiments ~ it will be necessary to start from the real Hamiltonian for Aladdin, make the necessary transformations to angle-action variables, and thus identify the coefficients A and B in terms of Aladdin parameters~as well as to determine th.e scaling between the variables P, Q, and the experimental variables x~ x' ~ 2,2 '. I
will not take the time to carry out this development here.
We can eliminate the 8-dependence by transforming to coordinates rotating in each phase space at the frequencies Vx == 7 i/6, Vz == 7 i/3 corresponding to Above this threshold, the coupling is strong, so that a small initial x-amplitude ~ill grow until all the energy is in the x-motion. following which the amplitudes will oscillate as the energy is exchanged between the two degrees of freedom. In Fig. 3 , Qt is plotted around the semicircle of Fig. 1 .
We now consider the case when both resonance terms in Eq. (3.7) are important. We then have only the one constant H, given by Eq. (3.7) or (3.8). If E: and E: z have opposite signs (quadrant (a, e) in Fig. 1 ), then even We then introduce scaled variables as follows:
(3.18)
(3.19)
The scaled Hamiltonian for the motion as. a function of the scaled independent variable T is The theorem of cor res ponding motions is now explici tly .exhi bi ted. The motion of the scaled variables depends only on the angle /; (Fig. 1) ) and on the angle ß (essentially on the ratio A/B). As noted above) we are concerned only with the case when /; is in the first quadrant. Reversing the signs of both sinS and cosß is equivalent to reversing the signs of both axes. so we may restrict ourselves to the case when ß is in the firs t or second quadrant.
As long as hZ increases with amplitude, the motion will be absolutely stable. In the first (and third) quadrant in Fig. 1 , for small enough qi' aZ' the kinetic energy is positive definite, and increases with PI and PZ. In this case, we can study the stability by studying the potential energy.
The potential v2 has four fixed points, (equilibrium points of the motion), given by ai = q2 = 0, then the limiting value of hZ is given by the value of v2 for the inner contour which is tangent to the circle.
In Fig. 3,1 have. sketched the value of Q2 = qz/K, corresponding to the fixed point on the inner separatrix in Fig. 4 . To be precise. we
should take QZ at the point where the inner separatrix crosses the q2-axis i or. if the circle (3.28) crosses the separatrix. then at the point where the tangent v2
contour crosses the qz-axis; that would require more calculation than I am prepared to do at this point. In the quadrant (bi c id), this represents a lower limit on the dynamical aperture. If the amplitude exceeds this limit i
